Structured Electronic Design

EE3C11
Physics and modeling
of
Linear time-invariant dynamic systems

Anton J.M. Montagne



Dynamic systems

A system:

In which energy is stored
Which is not In its quiescent state
To which no excitations are applied

Tends to its quiescent state in which the energy is

Distributed over system parts
Dissipated in system parts
Radiated by system parts

If excitations are applied to such systems

Responses (output signals) depend on:
Energy stored in the past (past values of the excitations)
Current values of the excitations

Such systems are called dynamic systems
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Linear(ized) time-invariant dynamic systems

Modeling with linear differential equations with constant coefficients

Sum of a number ' ) k Sum of a number
of derivatives of 2 i?_n Q. d y(t) — ~k=m bk d aj(t) of derivatives of
the response 1=0 7t dt* k=0 dtk the excitation

Exponential functions retain their shape under differentiation and integration

Fourier: write signals as sum of imaginary Laplace: write sighals as sum of complex exponentials
exponentials (finite energy signals only)

2(t) = 5= [~ X(jw)exp(jwt)dw  z(t) = 5= fﬁGHwX(S) exp(st)ds

27y Jo—jw

X(jw) = Fla(t); X(s) = Liz(t)}

Complex amplitude of the Complex amplitude of the
Imaginary exponential complex exponential

Fourier transform of ZE(t) Laplace transform of Zl?(t)
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Linear(ized) time-invariant dynamic systems

Differential equation changes into algebraic equation

Transfer function relates response of each exponential
to the excitation of the corresponding exponential

LY Y (w) WZmb (jw)"
H(]W) T X(jw) =1 g (jw)

V(s ;:kzim b Sk
H(S) - ngg o Zkﬁ',’;i%’ afs’i
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Poles and Zeros

k=m kEk=m
. > b s® b ] (s—2k)

Transfer function: H(s) = Xi% = = = —=,
CLfL'Si A n H (S_p’i)

1=0 1=0

1=n .
Poles are the solutions of the characteristic equation: ) a;s* =0
i=0

1=n i
Stems from homogeneous differential equation: ) a; dytgﬂ — 0 no excitations
i=0

Nonzero output signal in the absence of an excitation: result of energy storage.
k=m
Zeros are complex frequencies at which there is no signal transfer: > brs® =0
k=0
Poles and zeros are real or pairs of complex conjugates.

They constitute the real coefficients of the differential equation.
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Describe the characteristic equation as a set of first-order equations:

1=n '
> a;s'=0
i=0

0
1

A=10

0
0
1

S

—Un—1

Companion matrix

det (sI — A) =5s" +a,_15" 1 +---+ais+ ag

Eigenvalues of the companion matrix are the poles of the system.
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Pole-zero plots

O = zero T : . T]w
Jw jwi — p1] .
X = pole ) 4 \ /,fl,;ﬂ_]wl
S = 0 + jw //,// ,'I:'
XK o—© . jwi — 21
o jwi — po|
D1
- \* -
X | T e 3 —
|H(]W)‘ — aTZ zlz:[nl . ‘ I/'I
JwW—pi I
i—0 D2 XX?:i__
k=m

arg{ H(jw)} = argb,, — arga, + kz_:() arg(jw — 2x) — Z:o arg(jw — p;)
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Impulse and step response

Unit impulse response Unit step response

h(t) = L1 {H(s)}

= [ h(t

L1 {H(s)} = zzjl gjl Res; ¢ [e*tF (s)]

n =number of non coinciding poles

m =number of poles at s = p;

1 d€—1

Res; ¢ = lim

stable: Re(p;) < 0V1

_ e _
(0 —1)! s—p; dst~1 (S —pi) F (S)

LTIGH ()}



Voltage [V]

magnitude

Characterization of LTD systems

phase

T - -T-T

phasei

=
o
i

=
o
N

delay [us]

10

phase [deg]

T~

1357

|7 polar

180p

225%

270°

15°

10° 10

Frequency [MHZ]

1

Pole-Zero plot

X poles

O zeros

Voltage [V]
o
(@)}

Im(Frequency) [MHz]

-25 -20 -15 -1.0 -05

Re(Frequency) [MHz]

0.14

0.12

0.10

0.08

0.06

0.04

0.02

0.00

10

=
N

=
o

o
o

©
N

0.2

0.0

_delay;

10

0 10* 10

Frequency [MHZz]

unit step response

— step

/' E—

/

/

/

/

0.0 0.1 0.2 0.3 04 05 0.6 0.7 0.8

time [us]

(c) 2020 A.J.M. Montagne 9



